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Abstract

Electron cloud induces a transverse wake force which
makes a correlation between bunch by bunch, namely a
transverse displacement of a bunch causes a perturbation of
electron cloud, which affects the transverse motion of fol-
lowing bunches. The correlation can be regard as a kind of
wake force. We study the coupled bunch instability caused
by electron cloud in drift space and in weak solenoid field,
using semi-analytic method and numerical simulation. The
mode spectra and growth rate well reproduces experimen-
tal results, for example, change of them with or without a
solenoid magnetic field.

INTRODUCTION

Positron or proton beam creates electrons due to syn-
chrotron radiation, its loss and secondary emission of ab-
sorption of themselves. In the case of multi-bunch opera-
tion with a narrow bunch spacing, electron cloud is build-
up in the vacuum chamber by their successive production.
The beam passes though the cloud as interacting with it.
The motion of bunches is correlated each other by the
cloud, if memory of previous bunch is remained in electron
cloud. If one bunch oscillates with a betatron amplitude,
other bunches are affected by the motion of the bunch via
electron cloud, with the result that a coupled bunch insta-
bility is caused. We discuss the transverse and longitudinal
dipole mode instability in this paper.

The transverse coupled bunch instability caused by elec-
tron cloud had been observed in some positron storage
rings, KEK-PF [1], APS [2] and BEPC [3]. The instability
has been observed in KEKB-LER. Mode spectrum charac-
terizes unstable coupled bunch mode has been measured by
a fast beam position monitor. Many solenoid magnets were
covered vacuum chambers whole of the ring to avoid the
single bunch electron cloud effects [4] which limits the lu-
minosity in KEKB-LER. The solenoid magnets were used
for studying the characteristics of the coupled bunch insta-
bility [5].

To analyze the coupled bunch instability, a photoelectron
cloud model has been used [6]. A wake force induced by
electron cloud is obtained in the model. Growth rate of
each coupled bunch mode is evaluated by the wake force.

The interaction between bunch train and electron cloud
is also simulated by a tracking method. The tracking
method gives evolution of transverse amplitude of bunches.
The growth rate of each mode is obtained by the Fourier
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analysis of the amplitude evolution, and is compared with
that given by the wake force.

We discuss the instability for several cases in KEKB. Pa-
rameter of KEKB is shown in Table 1.

Table 1: Basic parameters of the KEKB LER

variable symbol KEKB-LER
circumference L 3016 m
beam energy E 3.5 GeV
bunch population Nb 3.3− 5.0× 1010

bunch spacing tsp = Lsp/c 2-8 ns
rms beam sizes σx 0.42 mm

σy 0.06 mm
bunch length σz 4 mm
synchrotron tune νs 0.024
betatron tune νx(y) 45.51/43.57
damping time τx(y)/T0 4000 turn
chamber radius R 0.05 m

EQUATION OF MOTION

We focus dipole coupled bunch motion of positron
bunch. Structures in a bunch is not cared: that is, a bunch is
characterized by a transverse/longitudinal position (dipole
moment) as a function ofs. Interactions between beam and
electrons in a cloud is determined by transverse and longi-
tudinal profiles of the beam. The transverse and longitudi-
nal profiles are assumed Gaussian with the deviation deter-
mined by the emittance and the average beta function of the
transverse and longitudinal direction. Motion of electrons
is determined by the interaction with beam, space charge
force of themselves and magnetic field. The equations of
motion are expressed as
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where indicesp ande of x denote the positron and electron,
re the classical electron radius,me the electron mass,c
the speed of light,e the electron charge,σ the transverse



beam size,φ the normalized photoelectron potential,δP ,
the periodic delta function for the circumference, andF
the Coulomb force in two-dimensional space expressed by
the Bassetti-Erskine formula. In actual calculation, single
kick is too strong to simulate electron motion,δ(s−se) has
a width of σz, F is sum of several (typically 5-10) kicks
(or slices) using the formula. The transverse coordinate of
each slice in a bunch is an unique value, since only the
dipole moment of the bunch is concerned.

The normalized electric potential, which represents in-
teractions between electrons, is determined by Poisson
equation,

4⊥φ(x) =
Ne∑
a=1

δ(x− xe,a). (3)

The space charge force is solved by Green function includ-
ing the circular (cylindrical) boundary condition depending
on the shape of vacuum chamber.

The electron cloud build-up is estimated by using Eq. (2)
with stand alone. Initial condition of electrons are given by
a model for example as is seen in Figure 1 [6]. We consider
a longitudinal position of a ring characterized byse(+nL).
Electrons are created when the positron bunch arrives atse,
namelyt = t(se). The photo-emission due to synchrotron
radiation is dominant for positron rings. The number of
photon hitting the chamber wall is given by

nγ(/m · e+) =
5π√

3
αγ

L
, (4)

for a positron in a meter, whereα and γ are 1/137 and
the relativistic factor, respectively. The number of photo-
electron produced by a positron at the chamber is given by

neγ(/m · e+) = nγYγ . (5)

The direct photo-emission rate was estimated to beYγ ∼
0.1. Typical production rate isneγ = 0.015e−/(m·e+)
for example of KEKB. For proton ring, proton loss is
considered as a dominant source. The rate isnploss =
10−6 ∼ 10−5e−/(m·p) for example. Ionization is a com-
mon source for positron and proton ring. The electron pro-
duction is generally very small for vacuum pressure of ordi-
nary accelerator:nI ∼ 1×10−8e−/(m·e+(p)) at2×10−7

Pa.
Secondary electrons are produced with the probability

(δ2(E)) when an electron is absorbed at the chamber wall.
The probability, which is a function of energy of the ab-
sorbed electron (E), is given typically as follows [7, 8],

δ2(E) = δ0 exp(−5E/Emax)

+ δ2,max×
E

Emax

1.44
0.44 + (E/Emax)1.44

. (6)

The electrons are built-up at a certain density which is de-
termined by balance of creation and absorption of electrons
moving under the forces and the initial condition.
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Figure 1: Schematic view of simulation of the electron
cloud build-up.

WAKE FIELD AND GROWTH RATE OF
THE COUPLED BUNCH INSTABILITY

The coupled bunch effect is simulated by solving the
equations, Eq. (1), (2) and 3) with the initial condition self-
consistently. It is not very difficult to simulate the evolution
of the each bunch amplitude as observing the its instabil-
ity growth. However this method requires much computer
resources and is time consuming. From another point of
view, it does not permit us to be imaged a physical pic-
ture of the instability. An approximation often makes the
physical picture to be transparent. The mechanism, causes
instability is similar as the ordinary instability due to vac-
uum chamber structure. The correlation between bunches
is induced by coherent motion of electrons in the cloud or
electro-magnetic field in the chamber.

The ordinary instability theory is based on the wake
field. The force, which a bunch withz experiences, is ex-
pressed by convolution of the wake field (W ) and dipole
moments of bunches ahead (zi < zj),

Fy(zi) =
Npre

γ

∞∑
j>i

W (zi − zj)yj(zj), (7)

where the wake fieldW (z) is a function of the distance
between the analyzing bunch (zi) and the bunches with a
dipole moment (zj). A bunch with a largeri is ahead from
smaller. The convolution is based on linearity and superpo-
sition of the wake force.

Electrons stay near beam position oscillate with the fre-
quency

ωe =

√
2λpre

σx(y)(σx + σy)
(8)

whereσx(y) is the horizontal (vertical) beam size. The
bunches frequently come but the spacing between bunches



are much longer than bunch length for the positron ring,
ωeLsp/c � 1, therefore electrons are not trapped by the
beam potential, with the result that most of electrons move
in nonlinear region. In this situation, it is difficult to un-
derstand whether the wake field has linearity and superpo-
sition, though the effect is represented by a kind of wake
force.

We are interested in coherent effects for a small pertur-
bation of dipole amplitude of the beam. Though motion
of each electron is nonlinear, an averaged force may have
linearity and superposition characteristics. For example, an
electric force in a cylindrical electron distribution is linear,
though it depends on1/r2 for each electron. The wake
force is probably far from resonator type. Since the elec-
trons are not trapped and are absorbed at the chamber, the
memory of a dipole moment of a bunch is lost soon from
the cloud.

Macro-scopic point of view, there may be some charac-
teristic frequency, for example it might be a average fre-
quencyω̄ for average beam line density (λp = Np/Lsp),
the cyclotron (Larmor) frequency (ωc) for finite magnetic
field, or others.

ω̄e =

√
λ̄pre

σx(y)(σx + σy)
, ωc =

eB

me
, (9)

We present an analytical model, in which the cloud is
considered as a rigid Gaussian with the chamber size. The
characteristic frequency is now expressed by

ω2
G,y =

2λbrec
2

(Σx + Σy)Σy
, (10)

whereΣx andΣy are horizontal and vertical cloud sizes,
respectively, and assumedΣx(y) � σx(y).

Analytic method

We discuss the interaction of beam with the rigid Gaus-
sian cloud with the chamber sizes. In this model linear-
ity and superposition characteristics are satisfied automati-
cally. For coupled bunch instability, global feature of elec-
tron cloud determined the characteristics. Long range force
between beam and electrons is not linear for the distance.
We expect in this model that the cloud moves with the fre-
quency (ωG) in global, though individual electrons move
with various frequencies. The approach is not applicable
for the single bunch instability. For the single bunch in-
stability, local electron distribution is important, therefore
the electron frequency in a bunch (Eq. (8))is characteristic
frequency [9].

The frequency for our parameter isωG = 2π× 107 s−1,
and phase advance between bunch spacing (8 ns) is less
than 1,ωGLsp/c = 0.13. Therefore coasting beam ap-
proximation can be applied. The equation of motion is ex-
pressed by

d2yp(s, z)
ds2

+
(ωβ,y

c

)2

yp(s, z)

= −
(ωp,y

c

)2

(yp(s, z)− ye(s, (s + z)/c)) (11)

d2ye(s, t)
dt2

= −ω2
G,y(ye(s, t)− yp(s, ct− s)), (12)

where ωβ,y denotes the angular betatron frequency free
from electron interaction. The two coefficientsωp,y and
ωe,y characterize the linearized force between beam and
cloud, and are given by

ω2
p,y =

2λcrec
2

γ(Σx + Σy)Σy
, (13)

whereλe and λ̄p are the averaged line densities of cloud
and beam.

The two equations are combined by using the wake force

d2yp(s, z)
ds2

+
(

ω̃β

c

)2

yp(s, z)

=
λpre

γ

∫ ∞

z

W1(z − z′)yb(s, z′). (14)

W1, which is the wake force for the beam-cloud interac-
tion, is expressed by

W1(z)[m−2] = cRS/Q sin
(ωe

c
z
)

for z < 0,

(15)
where

cRS/Q =
λe

λ̄p

2L

(Σx + Σy)Σy

ωe

c
. (16)

We now discuss the quality factor (Q) of the wake force.
Eq. (15) mean thatQ is infinite andRS/Q is constant in
the well-known impedance model. Considering the two
equations, Eqs.(11) and (12), global motion of electrons
excited do not damp anymore, thereforeQ = ∞. How-
ever the frequency of each electron seems to spread very
wide range. Electrons move with a frequency given by Eq.
(13) only during passage of a bunch, and then they are re-
leased from the force. Moreover the beam-electron force
during the bunch passage is nonlinear for a large amplitude
∼ 1/r. It is easy to guess that the quality factor is very
small (Q < 1) due to the wide frequency spread. We now
takeQ = 0.2, though the reason why we take can not be
explained clearly. If we had to say, simulations shown later
gave the wake force.

The growth rate is given for a given wake force by

T0

τ(ωm)
=

2πλpreβ

γ

Z(ωm)
Z0

. (17)

whereZ is impedance which is Fourier transformation of
the wake force, andZ0 is the vacuum impedance. Figure
2 shows the wake force and the growth rate of each cou-
pled bunch mode given by Eq. (17). The cloud density
is determined by build-up simulation asλe/λp = 1. The
growth time is obtained as around 30 turns, that is some-
what slower than that given by semi-analytical and tracking
methods as is shown later.



In this model, electron cloud was considered as a very
low Q resonator with a coherent frequency. It is not ob-
vious whether this model fit our physical image. However
considering the result which is roughly consistent with sim-
ulations, the model may includes some kinds of nature of
the beam-cloud interaction.
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Figure 2: Wake force (a) and growth rate of each coupled
bunch mode (b) given by the analytic method at KEKB (2
ns spacing).

Semi-analytical method

We discuss semi-analytic method, in which the wake
force is calculated by numerical method and growth rate
of each coupled bunch mode is evaluated [6]. This method
was used to understand the coupled bunch instability ob-
served at KEK-Photon Factory [1].

We image bunches interact with cloud at a positions.
The momentum kick which experiencesi-th bunch is ex-
pressed by

∆pp,i =
Npre

γ

i+Nw∑
j>i

W (zi − zj)yp,j . (18)

This equation is generally used to simulate beam motion
for given wake forceW . We use this formula to evalu-
ate wake force induced by the electron cloud. Eq. (18)
is a linear matrix equation connect∆pi to yj . The matrix
element,W (zi− zj), is determined by response of the mo-
mentum kick of a bunch∆pp,i for for a displacement of
another bunchyp,j . The momentum kick (∆pp,i) is calcu-
lated by a simulation, when the displaced bunch withyp,j

passes through an electron cloud built-up. Needless to say,
the bunch with displacement is ahead of the kicked bunch.

The wake field is evaluated by a computer simulation
method as follows,

• Primary electrons are created in every bunch passage
through the chamber center with the line densityneγ .
Secondary electrons are created at absorption of an
electron with an energy (Eabs) by the rateδ2(Eabs).

• The creation process is repeated until the cloud den-
sity saturate at a certain value. These two steps is the
same is the build-up simulation.

• A bunch with a slight displacement passes through the
cloud, and then following bunches without displace-
ment pass through the chamber center.

• The creation process is repeated for the displaced and
following bunches.

• The following bunches experience forces from the
cloud, because the cloud is perturbed by the passage
of the displaced bunch. The wake field is calculated
by the forces.

The linearity and superposition are assumed in Eq. (18):
that is, the kick∆pp,i is sum of when some bunches have
displacements,yp,j . The simulation have to check whether
they are right or not. namely wake force induced by a
bunch for several amplitudes, and induced by two or sev-
eral bunches should be compared.

If linearity and superposition are satisfied for the wake
force, the equation of motion gives a dispersion relation,

(Ωm−ωβ)L/c =
Npreβ

2γ

Nw∑
`=1

W (−`Lsp) exp
(

2πi`
m + νβ

H

)
.

(19)
The imaginary part ofΩmL/c is the growth rate per revo-
lution for m-th mode. Bunches oscillate for a mode char-
acterized bym as

ym(zj) = a exp [−iΩt + 2πimj/H] , (20)

whereH is the number of bunch with equal spacing. Real
part ofΩ is closed toωβ .

Figure 3 shows the wake force and the corresponding
line density of the electron cloud for KEKB, where the
bunch repetition is 8 ns. To check the linearity, the wake
force (Wy0) for y0 = 1, 2, 5 mm is evaluated as shown in
Picture (a). Here 200-th bunch is displaced and the forces
which following bunches experience from electron cloud
are plotted. The wake force has a peak at 201-th bunch,
which has a linearity for the amplitude of initial displace-
ment (y0). It oscillates 1 or 2 periods with a much smaller
amplitude than the peak. Linearity of the wake force is sat-
isfied up to no more than 210-th bunch. The direction of
the wake force is the same as the displacement: that is, it is
“defocusing” force for a bunch train. The characteristics is
the same as that of ordinary wake force.

The wake force after 210-th bunch is considered to be
numerical noise of the simulation. Corresponding cloud



line density is depicted in Picture (b). Beam line density is
5× 1010/2.4 ∼ 2× 1010 m−1, that is 50% higher than the
neutralization level.
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Figure 3: Vertical wake force and cloud density along the
bunch train at KEKB. Bunch repetition is 8 ns. Three types
of points are given for the displacement,y0 =1 (red), 2
(green) and 5 mm (blue).

Figure 4 shows the wake force for various bunch spacing
keeping the total current. The wake forces for 2, 4 and 8
ns spacing are depicted in picture (a). The wake force does
not strongly depend on the spacing as far as is seen in peak
strength and range.
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Figure 4: Vertical wake force for 2, 4, and 8 ns spacing as
a function ofz at KEKB, wherey0 = 2 mm.

The wake force little depends on emittance, therefore it
can occur also in the horizontal direction. Figure 5 shows
the horizontal wake force forx0 = 5 mm. Here the wake
force is calculated for 8 ns spacing. Two pictures (a) and
(b) are given for two different initial condition of electrons:
that is, electrons are produced at illuminated position and

low secondary rate,δ2 = 1 at picture (a), and electrons are
produced uniformly along the chamber wall, and with the
secondary yield,δ2,max = 1.5. In the first case, electron dis-
tribution is flat alongx plane with thickness of 1-2 cm. The
direction of the wake force is opposite to the displacement:
that is, it is “focusing” for the bunch train. In the second
case, electron cloud distributes with cylindrical symmetry,
with the result that the wake force is similar as the vertical
one.
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Figure 5: Horizontal wake force for 8 ns spacing at KEKB.

Unstable modes of coupled bunch instability and their
growth rate are calculated by Eq. (19). Figure 6 shows the
growth rate per revolution for each coupled bunch mode
for the vertical instability. The growth rate for 2 and 4 ns
spacing is slightly higher than that for 8 ns spacing. For 8
ns spacing, 800-th and 1050-th modes are most unstable.
The growth time, which is about 5 turns for every case, is
very rapid.

Growth rate of the horizontal mode is shown in Figure
7. Two pictures correspond to the wake forces shown in
Figure 5. Picture (a) is given for the condition that elec-
tros are produced at illuminated position and low secondary
rate,δ2 = 1, and (b) is for the condition that electrons are
produced uniformly along the chamber wall, and with the
secondary yield,δ2,max = 1.5. 150-th mode is unstable in
picture (b). The unstable mode less thanH/2 − int(ν) is
forward traveling of the coupled bunch oscillation: that is,
the betatron phase of backward bunches go forward from
those of forward bunches in the coupled bunch oscillation
This is characteristics of “focusing” wake in Figure 5(b).

Wake force in a weak solenoid magnetic field

Magnetic field affects the coupled bunch instability
through the second term of RHS of Eq. (2). Effects
of the magnetic field have been studied since the design
stage of KEKB [10, 11, 12, 13]. Electrons experience cy-
clotron motion, and center of the cyclotron motion drifts
along the chamber surface. The cyclotron frequency (ωc)
is 2π × 28 MHz for Bz = 10 G and linearly depends on
Bz. The other frequency is obtained by the same manner
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Figure 6: Growth rate of coupled bunch instability. Positive
rate means unstable. Pictures (a), (b) and (c) depicts mode
spectra for 2, 4 and 8 ns spacing.
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as the motion in the magnetron. It is expressed by

ω± =
ωc

2
±

√
ω2

c

4
− reλ+c2

r̄2
(21)

wherer̄ is average orbit radius of electrons. Here the radius
is assumed to be larger than Larmor radius. If electrons are
created at the chamber wall and are trapped near it by the
magnetic field, the radius is closed to the chamber radiusR.
If some kinds of diffusion occur in the electron motion, the
radius may be smaller than the chamber radius. In these
two frequency, one (ω+) is cyclotron frequency slightly
shifted by the beam force, and the other (ω−), which is cir-
culating with a spiral trajectory along the chamber surface
[11], is far slower than cyclotron one. Perturbation of the
electron motion with the frequencies is induced by a dis-
placement of a bunch, and the coupled bunch instability is
subject to the electron motion with the frequencies. Figure
8 shows the frequencies as a function ofBz for r̄ = 5, 4
and 3 cm.ω− is faster for electron orbit which approach to
the beam position (small̄r), while ω+ is slower.
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Figure 8: Magnetron frequency as a function ofBz. Pic-
tures (a) and (b) depicts frequencyω+/2π andω−/2π, re-
spectively.

Figure 9 shows the wake force for displacement of 600-
th bunch of 1, 2 and 5 mm atBz = 10 G. The wake force
has a fast frequency component correspond toωc orω+ and
a slow frequency correspond toω−. The slow frequency,
which is about 4 MHz in Figure 9, is consistent with the
frequency given for the orbit radius̄r = 4-5 cm in Figure
8(b). We have to note that the wake force with the slow
frequency component has linearity for the displacement,
while that for the fast frequency component (ωc) does not
have linearity. This fact means that the instability with the



slow frequency is observed but that with the fast frequency
may not be observed. One more important feature of the
wake force withω− is “focusing” nature at just after the
displaced bunch. Such wake force induces unstable mode
less thanH/2 − Int(ν) or more thanH − Int(ν), which
is forward traveling of coupled bunch oscillation, as is dis-
cussed in the horizontal instability in Figure 7(a).
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Figure 9: Wake force for various displacement in solenoid
field, Bz = 10 G. Pictures (a), (b) and (c) depicts the wake
force for the 600-th bunch displacements, 1, 2 and 5 mm,
respectively.

Figure 10 shows the wake force forBz = 20 and 30 G
for the 600-th bunch displacement of 5 mm. Two frequency
components are seen in both picture. Again the fast fre-
quency isω+ or ωc. The slow frequencies, which have 60
(2 MHz) and 100 (1.25 MHz) periods forBz = 20 and
30 G, respectively, in unit of bunch, coincides withω− in
Figure 8. The linearity for the wake force with the slow fre-
quency was statisfied in these field strengths, but that with
the fast frequency was unsatisfied,

Figure 11 shows mode spectra of growth modes for
Bz = 10, 20 and 30 G. To get the spectra, the wake force
given byy0 = 5 mm was used. As is expected, forward
traveling component of the coupled bunch instability is ob-
tained in the mode spectrum: that is, the mode number is
small or more thanH − Int(νy). ForBz = 10 G, the slow
frequency was 6 MHz in Figure 9, therefore mode with
60−43 ∼ 20 appears in Figure 11(a). Note that the revolu-
tion frequency is 0.1 MHz. ForBz = 20 and 30 G, modes
with 20− 43 + 1280 ∼ 1260 and12− 43 + 1280 = 1250
appears in Figure 11(b) and (c), respectively. The mode
spectrum has two frequency component near cyclotron fre-
quency, perhaps one isωc and the other isω+. However the
wake force did not has linearity for the fast frequency com-
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Figure 10: Wake force forBz = 20 (a) and 30 G (b) for the
600-th bunch displacement of 5 mm.

ponent. We have to wait for results of tracking simulation
whether the unstable modes withωc andω+ is observed.
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Figure 11: Growth rate of coupled bunch instability for
Bz = 10, 20 and 30 G.



TRACKING OF THE COUPLED BUNCH
INSTABILITY

The three equations, Eq. (1), (2) and (3) can be directly
solved numerically [14, 15]. The calculation time is much
longer than the wake method. For the wake field calcu-
lation, it was sufficient to calculate interactions of several
dozens or a few hundreds bunches with electron cloud. In
this tracking simulation, bunches in a ring interact with
cloud during several thousand or more revolutions depend-
ing on the growth time. Since the calculation of the space
charge field is consuming, we use an approximation. The
Poisson equation is solved only once for zero beam ampli-
tude: that is, the space charge potential, which was calcu-
lated by the build-up simulation, is used as a constant field
in this tracking simulation. This approximation is reliable
and is sufficient for us, when the beam oscillation ampli-
tude is small. Paying the cost of the long calculation time,
the nonlinear effect and deviation of superposition for the
beam-cloud interaction are included automatically.

The transverse amplitude of each bunch is obtained as
a function of time. Fourier transformation of the ampli-
tude of all bunches gives a spectrum of unstable modes.
Experiments of coupled bunch instabilities has been done
widely using fast position monitors [16]. The bunch cen-
troid amplitude is directly taken by the monitors as a func-
tion of time. Mode spectrum given by the Fourier transfor-
mation of the experimental data can be compared with that
obtained by the simulation.

Figure 12 shows the growth of the coupled bunch insta-
bility given by the simulation. Electrons are produced at
the illuminated point and parameters for secondary emis-
sion isδ2,max = 1.5 andδ2(0) = 0.5. H = 1280 bunches
with an uniform population are put with every 8 ns spacing
in the simulation. The evolution of maximum transverse
amplitude in bunches is plotted in Picture (a). The am-
plitude grow exponentially for far smaller value than the
chamber size, while is saturated at the order of the chamber
size (∼ cm). The growth time is about 10 turn, that is con-
sistent with the estimation using the wake force (5 turns),
see Figure 6(c). The snapshot of the transverese position
of each bunch after 50 turns is depicted in Picture (b). The
oscillation period is unsteadly changed between 5-10 for
both plane. The frequency is 20-10 MHz, because of the
bunch repetition 125 MHz. Corresponding mode number
is 200(100)-45=150(50) for the forward traveling or 1280-
45-200(100)=1050(1150) for the backward traveling. The
backward traveling is expected from the wake force in pre-
vious section.

Figure 13 shows mode spectrum given by Fourier trans-
formation of the amplitude evolution. The amplitudes be-
tween 10 through 60 turn, which are in exponential growth
regime, are used for the calculation of the mode spectrum.
Pictures (a) and (b) depicts the horizontal and vertical spec-
tra, respectively, for electrons emitted at illuminated point.
The fast unstable modes distributes around 800-900 in the
vertical. In the horizontal spectrum has forward traveling
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Figure 12: Growth of the hoizontal (x: solid curve) and vet-
ical (y: dotted curve) amplitude (a) and bunch oscillation
pattern (b).

mode, 100-200. These pictures are compared with Figure
6(c) and 7(a), respectively. The mode spectra are coinci-
dent with those given by the wake force qualitatively. Pic-
tures (c) and (d) depicts for electrons emitted uniformly.
Pictures (e)-(h) depicts the same pictures forδ2,max = 1.5
and reflection isδ2(0) = 0.5. Horizontal and vertical spec-
tra roughly coincide each other. This fact is due to the cloud
distribution is symmetric for high secondary emission rate.
The fast unstable modes now distribute around 1000-1100.

Tracking in a weak solenoid magnetic field

As is seen in previous section, the wake force in a weak
solenoid magnetic field has two frequency components,ω−
andω+(c). A component of the wake forceω− has linear-
ity for a bunch displacement, but another componentω+(c)

does not have linearity. The tracking simulation gives play
to its ability to investigate whether and how the modes with
or without linearity is obseved.

Figure 14 shows the growth of the coupled bunch insta-
bility for Bz = 10 G. Evolution of the maximum trans-
verse amplitude along the bunch train is plotted in Picture
(a). The amplitude grows exponentially for the amplitude
< 1 cm, and the growth time is about 40 turn.

The growth rate using the wake force in Figure 11
showed 10 turns. Considering the deviation of linearity and
superposition of the wake force, the difference may be rea-
sonable. The transverse amplitude of each bunch after 100
turns is depicted in Picture (b). The bunch by bunch os-
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Figure 13: Mode spectrum given by Fourier transformation
of the amplitude evolution.

cillation has a slower frequency than that of no magnetic
field. The oscillation period is about 20 bunch, namely the
frequency is 6 MHz. The slow frequency is consistently
with the frequency seen in the wake force (Figure 9)and
ω− (Figure 8). A structure with the cyclotron frequency
ωc = 2π × 24 MHz, that is 5 bunch period, is seen but it is
not remarkable.
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Figure 14: Growth of the amplitude (a) and bunch oscilla-
tion pattern (b) forBz = 10 G.

Figure 15 shows the mode spectra obtained by Fourier
transformation of the amplitude evolution. As is expected,
the mode numbers distribute in 0-50, which means driv-
ing frequency of(43 + m) × 0.1 MHz∼ 4 − 10 MHz for
Bz = 10 G in Picture (a). The modes is caused by a fo-
cusing wake force with the driving frequency, while a de-
focusing wake with the frequency causes instability with
modes around 1200-1150. The modes 0-50 means the cou-
pled bunch oscillation has a forward traveling with the slow
frequency (ω−).

For higher magnetic fieldBz ≥ 20 G, the modes with
very high number is observed. As is predicted in previous
section, the modes with 1250-60 are observed in picture (b)
and (c). The modes are forward traveling, and qualitatively
the same feature as the result ofBz = 10 G.

LONGITUDINAL COUPLED BUNCH
INSTABILITY

Longitudinal instability was first discussed by G. Ru-
molo and F. Zimmermann [17] for single bunch effect, then
coupled bunch mode of longitudinal instability was pro-
posed by Novokhaski [18].
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Figure 15: Mode spectra of the coupled bunch instability
in week solenoid field. Pictures (a) and (b) are depicted the
horizontal and vertical spectra forBz = 10 G, respectively.
Pictures (c) and (d)Bz = 20 G. Pictures (e) and (f)Bz =
30 G.

The longitudinal electric field is calculated for electron
cloud with cylindrical symmetry [19].

Ez = Z0

∫ R

r

jr(r′, z)dr′, (22)

whereZ0 is the vacuum impedance andjr is the radial
component of electron current in cloud. The longitudinal
wake force is estimated by a similar manner as the case of
the transverse wake force.

Figure 16 shows longitudinal electric field as function of
time. Ez marked green points is the electric field which
bunch experiences. Note that a bunch is represented by 10
slices now.
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Figure 16: Longitudinal electric field (a) and wake force
(b) for KEKB.

The growth rate is obtained by a dispersion relation,

Ωm − ωs = −Nprpηc

2γT0ωs

n0∑
n=1

W ′′
( n

H
L

)
[
1− exp

(
2πin

m + νs

H

)]
, (23)

whereW ′′ is the same asdE/dz, except coefficients.
The growth rate=(Ωm) was slower than 0.01 s−1 in

a preliminary calculation for super KEKB. The longitudi-
nal coupled bunch instability is not serious in present ma-
chines.

CONCLUSION

We have studied the coupled bunch instability caused by
the electron cloud. The coupled bunch instability is caused



by bunch by bunch correlation due to the electron cloud.
The instability was analyzed by analytic, semi-analytic and
tracking simulation.

Analytic method showed wake force and mode spectrum
using a simple model. Though the choice ofQ factor is
artificial, growth rate was roughly reasonable.

In the semi-analytical method, the wake force was cal-
culated by simulation. Linearity and superposition are as-
sumed to estimate the mode spectrum of the coupled bunch
instability. Wake forces for electrons in drift space and in
a weak solenoid field were evaluated. Growth mode of the
coupled bunch instability was estimated by the wake force.
This method is rather practical, but is not almighty. For ex-
ample when magnetic field is applied, the wake force is not
evidently linear for the amplitude, therefore this method is
useless.

The tracking simulation does not use any approxima-
tions except that bunch is expressed by its dipole position.
The growth rate of each coupled bunch mode was obtained
by the Fourier analysis of the dipole amplitudes of bunches
given by the tracking simulation. Comparison of the results
from the semi-analytic and tracking method made clear the
nature of the coupled bunch instability.

The mode spectra for the growth were obtained for elec-
trons in drift space and in a weak solenoid field. The
growth rate was very rapid,∼ 10 turn, for drift space.
When cloud is cylindrical symmetry in the chamber, in-
stability appears at around 800∼1100-th mode for KEKB
8 ns spacing,H = 1280. When the cloud has a flat distri-
bution along the horizontal plane, the horizontal instability
appears modes around 100∼200-th.

When a weak solenoid field was applied, the growth rate
was reduced: for example it was from 10 to 40 turns for
Bz = 10 G in the tracking simulation. The wake force has
frequency components expressed by Eq. (21). In the track-
ing simulation, only slow frequency component withω−
was observed. This feature is reasonable, since the fast fre-
quency component of the wake force did not have linearity
for the dipole amplitude. The wake force for the slow fre-
quency was focusing along the bunch train. In the tracking
simulation, modes with the forward traveling, whose num-
bers are near zero or more than 1257=1280-43, were ob-
served as is expected by the focusing wake. It is interesting
to explain the focusing wake using an analytic theory.

The forward traveling modes were observed in experi-
ments at KEKB-LER [5]. The measured modes were sim-
ilar as those obtained forBz = 10 G in the simulation. In
the experiments solenoid field withBz = 30−40 G was ap-
plied. This fact means that the effective magnetic field was
smaller, otherwise electrons stayed nearer the beam than
our expectation,̄r � R in Eq. (21), for example, electrons
were not confined near the chamber due to some kinds of
diffusion.

Electron cloud can cause a longitudinal coupled bunch
instability. The growth of the instability may not be serious
in present positron storage rings.
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